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This paper summarizes passive methods used to improve the stability of low-emission combustors in stationary
power gas turbines. Common passive methods are reviewed, including discussion of control model concepts,
application of simple time-lag models, and a review of acoustic dampers. Applications of time-lag modi� cations
are presented, and limitations of this approach are discussed. Nyquist analysis is used to show how changing
the time lag can be confounded by the presence of multiple acoustic modes. Experimental results demonstrating
the frequency shifts predicted by Nyquist analysis are also shown. Stabilizing effects of distributed time lags are
discussed, along with some � eld applications.A review of acoustic dampers shows that these devices are not widely
applied in stationary engines compared to rocket or afterburner combustors, but have shown good results where
applied.

Nomenclature¤

AB; C; D, = combustor sections and the acoustic
E; F; G transfer matrices that represent these sections;

elements of these 2 £ 2 matrices are identi� ed
using subscripts Ai; j where i D 0; 1 and j D 0; 1

c = speed of sound, m/s
f = frequency,Hz
G = transfer function relating relative heat release

to relative acoustic pressure
H = transfer function relating relative acoustic pressure

to relative heat release
k = stagnation pressure loss coef� cient
L = length, m
M = Mach number, ¹=c
P = time-average pressure, Pa
p = complex acoustic pressure, Pa
Q = time-average heat-release rate, W
q 0 = complex amplitude of heat-release variation, W
R = acoustic transfer matrix for a cylindrical element
S = acoustic transfer matrix for a step expansion
s = cross-sectionalarea, m2

T = gas temperature,K
Z = acoustic impedance, p=º, (ms)¡1

° = ratio of speci� c heats
³ = ratio of the speed of sound to area, c=s, ms¡1

¹ = bulk gas velocity, m/s
º = acoustic mass velocity, kg/s
½ = gas density, kg/m3

¿ = bulk time lag, s
Ã = transfer function relating acoustic pressure

to velocity source, Pa¤s/kg
! = circular frequency, 2¼ f , rad/s

¤Applies only to Appendix
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I. Introduction

T HIS special issue of the Journal of Propulsion and Power has
highlightedthe problemof achievingstablecombustionin very

low-emission gas turbines. As noted in the introduction of this is-
sue, this problem has become a signi� cant operational concern for
low-emission engines now in service. Although engine developers
and operatorshave indeed learnedhow to achievestablecombustion
with very low emissions, this performance is often restricted to a
tight operating window. These restrictions on the operating range
lead to other issues, such as placinga cap on the peak power that can
be produced,1 more stringent requirements on fuel composition,2

and routine “retuning” of the fuel splits.3 These complicationshave
been the motive to develop successful active control systems de-
scribed elsewhere in this special issue. Active control offers the po-
tential to readjust the combustion dynamics to accommodate prob-
lems like changing ambient conditions,fuel composition, or engine
wear. Large-scale tests of active control, such as those reported by
Seume et al.,4 suggest that the active-controlconcept has signi� cant
potential, and might, in the future, be a preferred stabilizationstrat-
egy. However, at the present time most engine developers are using
passive methods to stabilize combustion.

This papersummarizescommonpassivemethodsused to improve
the stabilityof low-emissioncombustorsin stationarypowergas tur-
bines. In Sec. II, the discussion is aimed at helping the practicing
combustion engineer gain familiarity with control model concepts
that have become common in the literature. In Sec. III, the applica-
tion of time-lagmodels for solvingdynamicsproblems is discussed.
This section also describes the similarities between the control con-
cepts introduced in Sec. II and the time-lag models. Techniques to
enhance stability, such as using multiple time lags or adding a pi-
lot � ame, are discussed.The nature of injector interactions are also
described; this issue is often neglected in the research literature.
In Sec. IV, a review of recent applications of acoustic dampers on
stationary engines is presented.

II. Control System Models
Combustion dynamics are the result of an interaction between

acoustic pressure p0 and heat-releaseperturbationsq 0. This interac-
tion can be described as a closed-loop feedback, shown schemat-
ically in Fig. 1. Acoustic pressure p0 interacts with the � ame and
can produce a variation in the heat-release rate q 0. The heat-release
perturbation can in turn generate or amplify acoustic waves as de-
scribedbyChu.5 In a physicallyclosedvolume,such as a combustor,
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Fig. 1 Block diagram of a dy-
namic thermoacoustic system.

Fig. 2 Schematic of an un-
stable premixed combustion
process.

the boundary conditions will establish standing waves, which can
produce a periodic disturbance in the heat-release rate q 0. The
system will be unstable if the timing (phase) and the amplitude
(gain) of these variations in pressure and heat-release rate produce
constructive feedback. This feedback process is analogous to con-
ventional feedback control systems, where the processes shown in
Fig. 1 would correspond to control system components.The G and
H nomenclature, as well as the summation circle follow directly
from the control system literature and will be discussed in more
detail later.

Because of the feedback analogy, control system models have
become popular tools to both represent and diagnose combustion
instabilities.Various levels of detail can be included in control sys-
tem models, ranging from reduced-ordermodels,6 to computational
� uid mechanics,7 to completeenginemodels usinga combinationof
approaches.8 Practical applicationof these models has beendemon-
strated by many authors.1;6;8¡10 Even where a full model is not
sought to solve a particular problem, it is helpful to understand the
conceptsbecausemany experimentalefforts to developpassivecon-
trol can be explainedby control system ideas. Thus, in what follows
a simple representationof a controlmodel for combustiondynamics
is presentedas a frameworkfor subsequentdiscussions.SectionII.A
provides background so that no prior training in control theory is
necessary and gives an example calculation to demonstrate the use
of feedbackmodels. Section II.B reviews the physicalprocessesthat
contribute to the � ame response. Section II.C reviews predictions
of the � ame responseand various approachesto predict combustion
system stability.

A. Stability Analysis of an Example Problem
A schematic of a typical fuel–air premixer and combustor is

shown in Fig. 2. Acoustic waves are generatedat the � ame by varia-
tions in heat-release rate q 0. The creation of sound by unsteady heat
release is a complex process,5 but in simple terms q 0 perturbations
create expansion and contraction of the gas, generating pressure
waves. These pressure waves are re� ected and continue to interact
with the � ame such that standing waves are established in the com-
bustor. In Fig. 1 the feedback element (H) represents the conversion
of heat-release variations into a pressure disturbance. If the heat
release could be manipulated at a periodic rate, the output signal
from Block H would represent the pressure produced in the � ame
region. This pressurehas contributionsfrom sound generated at the
� ame and from the standing wave established by re� ections from
the combustion liner. For oscillatingfrequenciesthat typicallyoccur
in gas turbine engines, the wavelength is usually long enough that
the entire � ame can be treated as if a single pressure perturbation is
acting on it.

In Fig. 1 the system element (G) represents the conversion of a
pressurevariationto a variationin the heat-releaserate. Many mech-
anisms can contribute to a variable heat-release rate. These mech-
anisms can include periodic changes in the � ame surface area,11

changes in equivalence ratio,1;12¡17 vortex shedding,18¡23 changes
in the bulk � ow,24 and changes in � ame anchoring.25¡27 Which of

these mechanismscontribute to oscillationsin a given problemis an
important practicalquestionand is discussed in Sec. II.B. However,
attention is often focused on the equivalenceratio variationbecause
it will usually accompany all of the other mechanisms. The pres-
sure drop across the premixer air passage is typically a few percent
of the operating pressure. Modest perturbations in the combustor
pressure will thus create signi� cant variations in premixer air� ow
and fuel–air ratio in the premixer. Fuel–air perturbations are then
transported to the � ame after a convection time lag ¿ , creating a
heat-releaseperturbation that can add to perturbationsproduced by
other mechanisms, such as a variable � ame area.

If attention is restricted to small perturbations about the mean
conditions,linear stability can be assessed.To perform this analysis,
the transfer functions depicted in Fig. 1 must be known in suf� cient
detail. The next few paragraphs review the basic ideas connected
with transfer functions so that the subsequent discussion can be
understood without prior knowledge of automatic control theory.

Figure 3a showsa schematicof a transferfunction.An inputsignal
A cos.!t/ enters at the left, and a resulting signal B cos.!t C Á/
exits at the right. Considering a range of frequencies !, the ratio
B=A is the gain of the transfer function, and Á is the phase angle. It
is algebraicallysimpler to consider the complex counterpartto these
real quantities(see Fig. 3). In that case the input and outputare Ae j!t

and Be j .!t C Á/. Using this notation, the constant B can rede� ned as
a complex quantity including the phase angle .B 0 D Be jÁ /, so that
the transfer function simply relates complex quantities A to B 0. In
this manner the time dependence is not needed in a feedback loop
analysisbecause all the blocks have the same time dependencee j!t .
Thus, the transfer function is the complex ratio of the output to the
input or B 0=A.

Sequential processes, where the output of one transfer function
supplies the input to a second process, are analyzed by multiplying
the transfer functions in order. As shown in Fig. 3b, if the B 0=A
process just described connects to a D 0=C process the net trans-
fer function is .B 0=A/ ¤ .D0=C/. Signals can also be added alge-
braicallybecause attention is restricted to linear systems. For exam-
ple, a given input can supply both the A-B 0 transfer function and the
C-D 0 transfer function, with the outputs combined (Fig. 3c). The
combined gain and phase are the complex sum .B 0=A/ C .D 0=C/.
By adding or multiplying individualtransfer functions,it is possible
to combine the various “blocks” that represent physical processes

a) Transfer function nomenclature

b) Series connection of transfer functions

c) Parallel connection of transfer functions

Fig. 3 Illustration of transfer function nomenclature and block dia-
gram manipulations.
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to just the forward transfer function (usually denoted G) and the
feedback transfer function (usually denoted H).

For a combustion problem once the various processes have been
described and the problem is reduced to the form shown in Fig. 1,
the response of the system to disturbances can be considered. As
shown in Fig. 1, a disturbanceis added to the signal at the summing
point. In this paper the feedback that emerges from H is subtracted
from the disturbance. (In the control theory literature this is known
as “negative feedback.” Physical processes represented in block H
are multiplied by ¡1 to produce the negative feedback.) With this
nomenclaturedisturbances that originate at the summing point will
pass through G and H, with modi� cations to both amplitude and
phase. Note that a phase of 180 deg (¼/ corresponds to multiplica-
tion by ¡1 [i.e., cos.¼/]. Intuitively, if the disturbance is returned
from H with a larger absolute magnitude and a negative sign it will
pass through the negative branch of the summing point, multiply-
ing by another ¡1. Therefore, the original disturbance will have a
larger amplitudeafter passingthroughG; H, and the summingpoint.
Under this idealized condition the disturbancewill lead to an insta-
bility because it will grow in amplitude each time it passes around
the loop.

This intuitive understanding can be matched by formal analysis
that leads to a criterion for stability. The output of a signal passed
through G and H, but not returned through the summation point,

Fig. 4 Schematic of combustor geometries used in the example prob-
lems.

a)
p0=P

q0=Q
= H

b)
q0=Q

p0=P
= G = 6ej!¿

c) GH

Fig. 5 Frequency response (Bode plots) of transfer functions used in the � rst example problem with a single acoustic mode (Fig. 4a).

is known as the open-loop frequency response. The open-loop fre-
quency response can be used to evaluate stability from both Bode
and Nyquist plots described next.

The open-loop response of some simple transfer functions will
now be considered. Two combustor examples shown in Figs. 4a
and 4b will be analyzed. The fuel–air premixer at the left supplies
a step expansion into the region where the � ame is stabilized. The
� ame is treated as a disk located just downstream of the step ex-
pansion. The remainder of the combustor is a long tube, including
a second step expansion in Fig. 4b, and then terminated at a closed
acousticboundary.These examples approximatethe conditionstyp-
ically encountered in combustion test rigs, where the downstream
boundarycan representa backpressurecontrol valve. For the calcu-
lated results presented next, parameters such as pressure, tempera-
ture, � ow rate, and fuel–air ratio are all selected to be representative
of gas turbine combustors.

Treating the � ame as a discontinuity that interacts with acous-
tic waves, a one-dimensionalacoustic analysis is used to determine
the acoustic pressure produced by imposed heat-release perturba-
tions.For the geometryshown, this is accomplishedusing the � ame-
acoustic relations presented by Chu5 and analyzing the acoustics
with the transfer matrix method.28 An outline of these calculations
is presented in the Appendix. The transfer matrix method can be
easily applied to this type of problem and can account for mean
� ow effects and acoustic losses at abrupt area changes. Let P and
Q represent the steady-statevalues of pressureand heat-releaserate
in the combustor. Using the methods shown in the Appendix, the
normalized pressure response .p0=P/ to a normalized heat-release
perturbation.q 0=Q/ is shown in Fig. 5a. These resultscorrespondto
the combustorgeometry in Fig. 4a. The plot shows that the acoustics
of the system produce a strong response to heat-release perturba-
tions at »240 Hz. This maximum amplitude corresponds to the
natural frequency of the system. Figure 5a also indicates that the
system has a pressure node near the � ame at »140 Hz. At this fre-
quency there is no pressure responseat the � ame to perturbationsin
the heat-release rate. Near 140 Hz the phase abruptly changes from
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¡90 to C90 deg; this is expected behavior for acoustic nodes. As
the frequency approaches 240 Hz, the phase begins to drop off as
the amplitude rises, with another transition from C90 to ¡90 deg.
This is typical of a resonant frequency.The magnitudeof the ampli-
tude peak and the width of the phase transition (phase roll) are both
related to the acoustic losses in the system. Here, acoustic losses
arise from the step expansion, mean � ow, and mean heat release.
For this example Fig. 5a represents the H transfer function depicted
in Fig. 1.

The combustion response to acoustic pressure perturbationmust
also be analyzed. In actual applications this response must account
for the various mechanisms described earlier: variable fuel–air ra-
tio, variable � ame area, etc. These various response mechanisms
are described later in Sec. II.B. For the purposes of illustration, a
simple transfer function will be considered. Again referring to the
normalizedperturbations.p0=P and q 0=Q/, the � ame will be treated
as having a constant gain of magnitude 6.0, but with a time delay
¿ D 2 ms relative to the acoustic pressure at the � ame. This trans-
fer function is 6.0e¡ j2¼¿ f . Thus, a normalizedpressure perturbation
producesa normalizedheat-releaserate perturbationsix times larger
and 2 ms later, which is easily realized in practical systems. This
transfer functionis shown in Fig. 5b. The phaseplot in Fig. 5b is rep-
resentativeof all time-delay systems.The phase angledecreasesin a
linear fashion with frequency because the phase angle µ D ¡2¼¿ f .
In this plot the phase angle is “wrapped” into the range ¡180 to
C180 deg. The same information can be plotted from 0 to 360 deg
as well, avoiding the abrupt discontinuity at §180 deg.

The open-loop response of this example is the series connection
of both the G and H transfer functions. As just explained (Fig. 3),
this series connection is computed as the product of the individual
gain functions, and the phase angles are added. The resulting fre-
quency response is shown in Fig. 5c. Note that the magnitude is
greater than unity at »240 Hz, and the phase angle is §180 deg.
If this GH output is connected to the summation point in Fig. 1
(i.e., closed loop), the system would be unstable for the reason ex-
plained earlier: the returning signal would grow in amplitude each
time around the loop. If the gain were less than 1 at a phase angle
of §180 deg, the system would be stable because returning signals
would decrease in amplitude each time around the loop. This rea-
soning is not entirely complete; there are more complications if the
magnitude plot crosses magnitude 1.0 more than once. This com-
plication is accounted for using a Nyquist analysis, discussed next.
The presentation that follows is an adaptation of analysis discussed
by Fannin et al.29

A complete description of Nyquist analysis is found in control
textbooks (see Phillips and Harbor30). A brief description is pro-
vided here to demonstrate the value of Nyquist analysis, but it is not
intended to be a complete tutorial. The Nyquist analysis requires
plotting the same information as in the Bode plots, but in polar
form. In polar form the radius is equal to the magnitude, plotted at
an angle equal to the phase angle. For example, magnitude 1.0, at
0 deg of phase is point .1; 0 j/ on the positive,real x axis.Magnitude
1.0 at 90 deg of phase is the the point .0; 1 j/ on the positive imagi-
nary axis, and so on. Figure 6 shows Nyquist plots for the example
problem presented in Fig. 5 at three different values of the time lag.
The center plot in Fig. 6 shows a Nyquist diagram correspondingto
Fig. 5c, where the time lag is 2 ms. The circular lobe corresponds

a) ¿ = 1.6 ms b) ¿ = 2 ms c) ¿ = 2.6 ms

Fig. 6 Nyquist plots for the single acoustic mode example (Fig. 4a) at three different time lags.

to frequenciesbetween 200 and 300 Hz, where there is appreciable
magnitude from the open-loopresponse.For clarity, three of the fre-
quenciesare indicatedon the lobe; the correspondingpoints (phase,
magnitude, and frequency) can be found from a close inspectionof
the Bode plot in Fig. 5c. Note that the lobe represents a very small
range of frequencies in this example problem.

As explained in control theory textbooks, the system stability can
be evaluated by counting how many times the Nyquist plot “encir-
cles” the point ¡1 on the x axis. The de� nition of what constitutes
encirclement is fairly involved, and one must refer to control text-
books for completedetails.30 In brief,encirclementdirection(clock-
wise or counterclockwise)must be counted as positive or negative
encirclement, and the sum of all of the positive and negative encir-
clements are added to arrive at a net number of encirclements. The
plot also requires consideringinformationat negativefrequencies—
essentially a re� ection of the Bode plot into the negative frequency
axis. And, the open-loop system must itself be stable. In this exam-
ple problem these details do not enter the discussion,but should be
considered before using Nyquist analysis on more complex prob-
lems. The complete Nyquist analysis predicts that the system will
be unstable if the net number of encirclements is greater than zero.
Figure 6b shows that the Nyquist plot does indeed encircle ¡1 on
the real axis and would therefore be unstable.

The bene� t of the Nyquist analysis becomes very apparent when
assessing how different time lags affect system stability. Figure 6
shows the open-loop system GH at three different values of the
time lag: ¿ D 1:6, 2.0, and 2.6 ms. Increasing the time lag rotates
the lobe clockwise. This behavior can be understood by noting that
over the small frequency range where the amplitude is signi� cant
(230–270Hz) changesto the phaseangleµ D ¡2¼¿ f are dominated
by changesin ¿ . Changes in ¿ appear to rotate each point on the lobe
approximately the same angle, producing a rotation of the lobe.

The Nyquist plots can also be used to investigatestability bound-
aries for the system. For example, both the short and the long time
lagsshownin Fig.6 almostencirclethe¡1 pointon the real axis.The
valuesof ¿ that almost produceencirclementof the ¡1 point are sta-
bility boundaries for the system. Each of these stability boundaries,
or values of ¿ , have a corresponding frequency at which the lobe
crosses the negative real axis. In this example the system would be
unstable for frequencies of 258 and 241 Hz at ¿ D 1:6 and 2.6 ms,
respectively. The frequency range and the size of the lobe in the
Nyquist plot depend on the roll off in the phase angle function. For
problems that have larger acoustic losses, the phase roll off near the
resonant frequencycan cover a larger frequencyrange, and the lobe
in the Nyquist plot would also cover a wider range of frequencies.

If the system in this examplewere actuallyoperatedin the closed-
loop mode, the limit-cycle frequencies could be estimated from
the so-called describing function theory.30 Under the assumption of
real-valued describing functions, the limit-cycle frequency would
correspond to the frequency at which the Nyquist plot crosses the
negative real axis. Considering the sequence of time lags in Fig. 6,
the implication is that as the time lag increases from 1.6 to 2.6 ms
the frequency would change from 258 to 241 Hz. This frequency
shift as a function of time lag is a general feature of the Nyquist
analysis, and the range of frequenciesdepends on the speci� c case,
as just noted. An experimental example of the frequency shift will
be shown in Sec. III.A.
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In Figs. 5 and 6 the combustor acoustic response has been char-
acterized by a single acoustic mode. [Higher-order modes could
also be considered in a simple geometry like Fig. 4a. The Bode plot
(Fig. 5a) frequencyrangecould be extended to higher frequenciesto
accountfor these harmonics, and the analysiswould be unchanged.]
The second example geometry shown in Fig. 4b is slightly longer
and has an additional step expansion. Calculations for Fig. 4b are
now conducted in exactly the same manner as in the preceding ex-
ample.However, thecombustiongain is now reducedfrom 6.0 to 1.0
for convenience.Therefore, the G portion of the transfer function is
simply e¡ j2¼ ¿ f . The resulting Bode plot with ¿ D 1:5 ms is shown
in Fig. 7. This second example has strong acoustic responses near
185 and 410 Hz. Note that the magnitude plot is greater than unity
at both of these resonant frequencies, and so it is more dif� cult to
visualize the stability limits based on the Bode plot alone. This is
a case where the Nyquist analysis is much easier to use. Figure 8
shows the Nyquist analysisfor three differentvalues of the time lag.
As before, increasingthe time lag has the effect of rotating the lobes
clockwise. Starting at ¿ D 0:9 ms, the system is stable, but near a
high-frequencystabilityboundary(411 Hz) the ¡1 point on the real
axis is almost encircled.Increasingthe time lag to ¿ D 1:5 ms makes
the system unstable to the high-frequencymode (408 Hz). Note the
high-frequency lobe encircles the ¡1 point on the real axis, but
the low-frequency mode does not. A further increase to ¿ D 2:0 ms
causes the instability to shift frequencymodes and become unstable
at 184 Hz.

The rotation of these lobes underscoresthe fundamentalproblem
with achieving stability from changes to the combustion time lag,
that is, by changingthephase.Changesin time lagcansimplychange
the oscillating frequency rather than produce stability. Even when
a combustor has just a single dominant acoustic mode, the width of
the phase roll can produce oscillations over a range of frequencies
corresponding to the range of selected time lags as shown in Fig. 6.
In summary, careful consideration must be given to the acoustic

Fig. 7 Open-loop frequency response (Bode plot) for the example with
two resonant acoustic modes (Fig. 4b, ¿ = 1.5 ms).

a) ¿ = 0.9 ms b) ¿ = 1.5 ms c) ¿ = 2.0 ms

Fig. 8 Nyquist plots for the example with two resonant acoustic modes (Fig. 4b) at three different time lags.

modes before attempting to solve a dynamics problem by adjusting
the time lag.

The precedingexample assumed that the � ame response is a con-
stantmagnitude.In real applicationsthe transferfunctionmagnitude
and phase are governed by the � ame response to acoustic pertur-
bations. As just noted, this response can involve multiple physical
processesthat areoftendif� cult to differentiate.SectionII.B reviews
the physical processes associated with the � ame response and vari-
ous approaches to use them in a transfer function description.

B. Physical Processes Contributing to the Combustion
Transfer Function

The heat release from a premixed � ame is the product of the
reactants consumed by the � ame times the heat of reaction and can
be written as

Q D ½Y f S A f 1H (1)

where Y f is the mass fraction of fuel in the premixed gases, S is
the � ame speed, A f is the area of the � ame, and 1H is the heat of
reactionper unit mass of fuel. Based on this equation, it is clear that
the heat release can vary with perturbations in density, fuel mass
fraction, � ame speed, and � ame area. In gas turbine combustion
the density perturbations arising from acoustic pressure are typi-
cally much smaller than the other terms and are often neglected.
Oscillating aerodynamics can produce a signi� cant modulation in
� ame area and should not be neglected. Likewise, changes in the
� ow of either fuel or air will change the fuel mass fraction and the
� ame speed. In what follows, consideration is � rst given to trans-
fer functions of fully premixed � ames, with constant fuel/air ratio,
before considering the combined problem of fuel/air variation and
� ame-area response.

The transfer function of fully premixed � ames has been investi-
gated by various authors. Blackshear31 proposed one of the earliest
models for the response of a premixed burner to acoustic perturba-
tions.Applying mass and momentum conservationaround a control
volume that enclosed the � ame, this author showed that variations
in the � ame area were responsiblefor the drivingor damping acous-
tic waves imposed on the burner. Companion experiments demon-
strated thatdampingof the � ame dependedsigni� cantlyon the mean
� ow velocity and the fuel-air ratio. Merk32 presented an improved
analysisof a premixedburner� ame andwas able to derivean explicit
expression for the � ame transfer function. The transfer function is
a � rst-order response (i.e., the solution of a � rst-order ordinary dif-
ferential equation.) for the dimensionless � ame-area � uctuation A0

produced by a perturbation in the dimensionlesssupply velocity u0:

A0 D
1

1 C j!¿1
u0 (2)

Here, theperturbationquantitiesarenormalizedby theircorrespond-
ing steady-statevalues. The analysis identi� es a characteristic time
¿1 that represents the average time for gas exiting the burner to be
consumed by the � ame cone. For clarity, the notation ¿1 is used to
make a distinctionwith the convectivetime-lag¿ identi� ed in Fig. 2,
which includesthepremixingprocess.At largevaluesof!¿1, Eq. (2)
predicts that the � ame-area response magnitude will be much less
than one and approach a phase of ¡90 deg. This is different than
the pure time-lag response e j!¿ described earlier, which will have
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arbitrarily large phase angles for large !¿ . This distinction will be
noted in a comparison to experimentsdiscussed later. Using Eq. (2)
and an acoustic analysis, Merk32 showed that stable and oscillating
combustion could be produced by selected ranges of the time lag.
Merk32 did not include any experimental results, but noted that the
predicted transfer function depended on the � ame speed (and thus
the fuel-air ratio) and the mean � ow velocity in the same manner as
shown experimentally by Blackshear.31

Further investigations of the � ame transfer function have been
carried out by a number of authors, including both analytic work
and experimental data.11;33¡37 Becker and Gunther33 investigated a
premixed turbulent jet � ame with excitationdriven by an oscillating
exhaust valve. Results were limited to relatively low frequencies
(<30 Hz), and the expression for the transfer function was � t to
the experimental data by suitable choice of a time lag. Mugridge35

predicted the stability of a multi-port premixed burner, based on the
model proposedby Merk.32 The burnerarrangementwas intendedto
mimic the model, but predictions of stable and oscillating combus-
tion did not correspondto measurements.The authorconcludedthat
more workwas needed to predictthe � ame transfer function.For this
reason Mugridge35 also reports preliminaryattempts to measure the
transferfunction,usingtechniquesdescribedbyHadvig.38 Although
few experimental details are given, the measured transfer function
showed considerablevariation in the phase of the response over rel-
atively small frequency ranges, in contrast to model expectations.

Matsui36 investigatedexperimentaldata from threemultiportpre-
mixed burner con� gurations and again identi� ed a characteristic
time lag in the � ame transfer function.Matsui compared the various
transfer functions that had been published to that time and noted
that the magnitudes were similar, but their phases angles were con-
siderably different. Matsui’s transfer function includes a multiplier
with a pure time lag term (e j!¿ /. As just noted above, the transfer
function phase angle could therefore reach arbitrarily large phase
angles for large !¿ .

More recently,Flei� l et al.11 developedan analytic model for the
� ame transfer function, which describes the distortion of the � ame
surface area in response to imposed velocity perturbations at the
base of the � ame. Unlike earlier work,31;32;36 this model accounted
for the distortionof the � ame surface by tracking the kinematics of
the � ame movement in the oscillating � ow. The variation in heat
release again results from the variable � ame surface area. The pre-
dicted transfer function is qualitativelysimilar to earliermodels and
can be approximated as a � rst-order system, that is, Eq. (2). No
experimental data were used to verify the predictions.

Using a very similar theoretical model as Flei� l et al.,11 Ducruix
et al.37 compared the measured and predicted � ame transfer func-
tion of a bunsen � ame with an oscillatingsupply of premixed gases.
Laser Doppler Velocimetry was used to directly measure the oscil-
lating velocity at the base of the � ame, and global CH¤ chemilu-
minescence was used to indicate the oscillating heat release. The
input � ow was excited by a loudspeaker in the supply plenum at
frequencies up to »200 Hz. In this manner, a direct measure of the
transfer function between the oscillating velocity and heat release
was obtained. Compared to the theoretical model, the magnitude
of the transfer function was predicted reasonably well for two dif-
ferent burner con� gurations and at several operating conditions. In
contrast, the phase of the transfer function was poorly predicted for
frequenciesbeyond »30 Hz. Above this frequency the phase of the
response depended signi� cantly on the mean � ow velocity and the
burner dimensions. The (negative) phase exceeded ¡360 deg, in
contrast to the theoretical model, which was limited to ¡90 deg, as
in Eq. (2). The authors suggest that the discrepancyis caused by the
model assumption of uniform axial � ow at the base of the � ame.
Experiments (not reported) showed that the spatial velocity distri-
bution at the base of the � ame must be accounted for to improve
model predictions.

The precedingdiscussionemphasizesthe uncertaintiesconnected
with predicting a � ame transfer function, even for relatively simple
premixed bunsen or jet � ames. In bluff or step-stabilized � ames,
such as those used in afterburners,or dump combustors, � ame-area
variations can originate from oscillations in the size of the shear

layer and from vortex merging.18¡24;39 In swirl-stabilized � ames
these aerodynamic phenomenon are even more complicated. The
swirl angle, the size of the combustor step expansion,and the length
of the combustor can all affect the � ow dynamics. Thus, for swirl
� ames there is no general approach to estimate the contribution of
the � ame-area variation to the � ame response. Some recent papers
reporting measured or predicted transfer functions for swirl � ames
are discussed later.

In addition to aerodynamicprocesses, the oscillatingheat release
in turbinecombustorswill be simultaneouslyin� uenced by changes
in the fuel/air ratio. Oscillating pressure in the combustor will pro-
duce a dynamic response of the premixed air, fuel, or both, creating
a variable heat release when the mixture arrives at the � ame. As
already noted in Fig. 2, mixture perturbations formed in the pre-
mixer are convected to the � ame after a time lag ¿ . These fuel/air
variations are not formally part of a � ame transfer function be-
cause they are produced by the supply system that feeds the � ame.
Nevertheless, it is convenient to describe the combustion response
including the system dynamics and refer to this as the transfer func-
tion for combustion.Various analyses of the feed system dynamics
are available in the literature for rockets, industrial burners, and
gas turbines.1;14;40¡44 Several recent papers consider the effect of
the mixing processes during fuel injection45;46 and suggest that it
is necessary to account for the dispersion of fuel/air perturbations
in the premixer when assessing the overall combustion response.
Mongiaet al.17;47 demonstratea simple absorptiontechniqueto mea-
sure the fuel/air � uctuationsthat occurduringpremixed combustion
oscillations. Lee et al.16 combined the measurement of the fuel/air
oscillationswith a measurement of the total heat-releaseoscillation
and showed that the fuel/air variation was the primary contribution
to the oscillating heat release, at least for their test con� guration.

Perracchio and Proscia6 extend the model of Flei� l et al.11 to in-
cludeboth the variationin � ame area and the simultaneousvariation
in fuel/air ratio.With an appropriatechoice of empiricalparameters,
this approach produced a useful model of the heat-release response
to acoustic perturbations, and the predictions compared favorably
with measurements of the heat release. Based on visual observa-
tions of the � ame and computational � uid dynamics not reported,
the authors comment that the role of � ame-area variations is very
signi� cant and probably larger than expected from a simple � ame
model.This is in contrastto otherexperiments48 that showonly mod-
est structural change in practical turbine � ames during oscillations.
This is not a general result; the same combustor exhibited signif-
icant � ame-area variation when tested at atmospheric pressure.48

In other testing Kendrick et al.26 speci� cally mention that “the un-
steady combustion process appears to be controlledby periodically
shed toroidalvortexstructure: : : :” Thus, it canbe stated that thecon-
tribution of � ame area vs fuel/air ratio to the � ame transfer function
is very dependentupon the speci� c situation.Kendrick et al.26 com-
pared the dynamics of two different fuel/air premixers and showed
that � ame anchoring methods will signi� cantly affect the � ame re-
sponse. One premixer used aerodynamic stabilizationof the center
recirculation zone, and the second premixer used a bluff-body sta-
bilization (with swirl). The aerodynamic stabilization was noted to
provideweaker � ame anchoring,allowingthe � ame reactionzone to
oscillate axially in the � ow throughoutthe pressurecycle.This axial
movement can add another complexity to the � ame transfer func-
tion. Schuermans and Polifke25 note that it is necessary to include
� ame translation in their analytic model of the � ame response.

A numberof recentpapershaveattemptedto measurethedynamic
response of premixed, swirl-stabilized� ames that are characteristic
of low-emissiongas turbines.49¡53 Paschereitet al.49 demonstratean
acoustic technique to measure the transfermatrix of a premixed gas
turbine burner.This matrix can be used in a stabilityanalysis similar
to the transfer function. Lawn50 measured the phase of the acoustic
velocity “jump” across a swirl-stabilized laboratory � ame. With
some empirical adjustment to a corresponding analysis, the author
was able to explainobservedfrequencyselectionin theburner.Krebs
et al.51 directly measured the transfer function of a gas turbine fuel
nozzle.The supplyof fuel and airwas modulatedto producea forced
oscillation,with the response of the heat release measured by � ame
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Fig. 9 Measured � ame response at to perturbations in acoustic veloc-
ity equivalence ratios © from Khanna.52

chemiluminescence.The measured response is describedby a time-
lag model, but the measured time lags are larger than predictedfrom
a computational� uiddynamicsmodel.Khanna52 andKhannaetal.53

also measured the � ame transfer functionof a swirl-stabilized� ame.
An example of the � ame transfer function is shown in Fig. 9. This
is the � ame heat-release response to acousticvelocityperturbations
in the fuel/air premixer. These data correspond to a swirl-stabilized
� ame, with fuel-air premixing similar to what is used in gas turbine
applications.Data are shown for three different equivalence ratios.
Note that the magnitude curve is very complicated, having several
peaks and minima. The authors suggest that part of the response is
associated with near-� eld acoustics that are not accounted for in a
simple feedback model between the local acoustic pressure p0 and
the heat release. The large values for the phase angle and the drop
with frequencyare indicativeof a time-lag response,which is noted
in a corresponding analysis.52;53 The phase plot also demonstrates
a signi� cant change in the phase with equivalence ratio. Note that
the change from 8 D 0:6 to 0.55 produces an abrupt change in the
phase. This remarkable change would have the effect of changing
the orientationof the lobes in the Nyquist plots discussedearlier and
is an example of how the � ame dynamics can change appreciably
with relatively minor changes in operating conditions.

C. Prediction of Transfer Functions
and Combustion System Stability

A number of investigations have used computational � uid dy-
namics (CFD) to predict the � ame response.7;8;54¡58 Because CFD
solutions converge in the time domain, the results must be trans-
formed into the frequency domain for use in a stability analysis.
Some authors8;55;56 have used CFD to model the response of a
� ame to a step change in the reactant � ow. A Fourier transform
of the response then provides the desired frequency-domain � ame
response. Compared to limited experimental data, the approach re-
quires some empirical � ltering to produce reasonable agreement
with experiments.56 The same technique was extended to include
the frequency response of a burner supply system by Kruger et al.,8

providing a stability analysis for an entire engine. In a slightly dif-
ferent approachZhu et al.58 used CFD to predict a � ame responseto
severaldifferent types of input � ow perturbationsignals:sinusoidal,
random binary, and sum of sinusoidal. Using Fourier analysis, the
frequency-domain response was calculated for the input signals.

Compared to a direct time-domain response at a single frequency,
the different input signals providevariousadvantagesin accuracyor
computational speed to predict the transfer function. Although the
results were not compared to experimentaldata, the predicted trans-
fer function is a � rst-order response similar to Eq. (2). The analysis
in Zhu et al.58 applies to a spray � ame combustor and is limited to
relatively low frequencies (<120 Hz).

To use detailed models in a stability analysis, both the G and H
transfer functions must be accurately known. To calculate H, it is
necessary to know the acoustic responseof the combustor.Finite el-
ement methods have been used to predict the acoustic response,59;60

but it is dif� cult to combine these acoustic analysis with predic-
tions of the � ame response, especially in combustors with multi-
ple burners. Complications arise in situations that include coupled
acoustic modes. For example, in an annular combustor both lon-
gitudinal and axial acoustic modes can be present, and the modes
can be coupled. This coupling is not typically accounted for in lin-
ear acoustic models, but recent low-order models have been de-
veloped to capture this detail.61;62 Accounting for this coupling
allows an improved description of the acoustic pressures and ve-
locities at individual burners, and it will be noted in Sec. III.B that
response of individual burners should be exploited to improve sta-
bility. Pankiewitz and Sattelmayer61 developed an acoustic model
that is solved in the time domain and then speci� ed a model for
the heat release (i.e, the � ame response) at the individual burner
elements. Instead of using Nyquist analyis, these authors assess
stability from the growth or decay of � nite disturbances, similar
to what has been done in rocket engine analysis.9 An interesting
result is the prediction of spinning acoustic modes in the combus-
tion chamber, that is, the pressure nodes rotate around the annular
geometry. These spinning modes have been observed in commer-
cial annular combustors63 and might deserve more considerationin
future analysis.

In summary, Sec. II has shown how control models can be used
to evaluate the stability of combustion systems. The combustion
process can be treated as the forward transfer function G, and the
system acoustics can be represented in the feedback path H. The
physical processes that contribute to the combustion response were
reviewed along with measurementsand models that have been used
to describe the transfer functions. Nyquist analysis demonstrates
both the potential and problems associated with adjusting the com-
bustion time lag to produce stability. In particular, frequency shifts
and mode changes can frustrate attempts to solve a combustion dy-
namics problem.This will bediscussedin moredetailwith reference
to experimental data in Sec. III.

III. Time-Lag Models and Methods
to Improve Combustion Stability

Various approaches have been used to improve the stability of
premixed combustion systems. Examples include changes to the
convective time lag,12;13;64¡66 using multiple time lags,14;64;67 com-
bining fuel injectors with different dynamic response,68 changing
the dynamic response of the feed system,69;70 and adding diffusion
pilot � ames.27;65 The success of these techniquescan be understood
from the changes to the feedback loop described in Sec. II. As al-
ready noted, simultaneousvariations in � ame area and fuel-air ratio
can contribute to the � ame dynamics. The magnitude of each con-
tribution is usuallyunknown in practicalproblems,but it is often as-
sumed that the fuel-air variationsplay a signi� cant role, and this has
been demonstrated in both experiments and engine tests.12;13;64¡66

Thus, practical solutions to dynamics problems often focus on the
convectivetime lag ¿ . Relatively simple models have been success-
fully used to describethe effect of changesto the time lag.As will be
seen, these models are a partial descriptionof what has been shown
in the Nyquist analysis.Section III.A will describe time-lag models
and discuss the connection to the Nyquist analysis. Section III.B
will review the effect of using multiple time lags, and Sec. III.C
will describe other passive methods to improve combustion
stability.
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A. Time-Lag Models
In combustion dynamics the importance of various time lags is

well documentedin the literature,datingbackto the1950s.Putnam41

summarized many of these ideas and used simple arguments based
on Rayleigh’s criterion to establish when a system will oscillate
or be stable. In simple terms Rayleigh’s criterion states that the
heat-release perturbations q 0 should be in phase with pressure per-
turbations p0 to strongly drive oscillations. Likewise, when p0 and
q 0 are out of phase oscillations are strongly damped. Consider a
situation in which the fuel injector responds to sinusoidal pressure
perturbations in the combustor. Assume that the local fuel-air ra-
tio at the fuel injection location is slightly higher when combustor
pressure sinusoid is at a maximum. Slightly richer perturbationsare
then transported downstream to the � ame with a convection time
lag ¿ . Additional time lags can characterize the combustion process
(for example, the time needed to burn the reactants) and could be
included in an overall time lag. For the purposes of this example, it
is assumed that richer fuel perturbationsarriving at the � ame create
an immediate increase in the heat-release rate. For the heat-release
perturbation to coincide with the next pressurepeak, the convective
time lag ¿ should be equal to one acoustic period T D 1= f . It is also
possible that the convective delay could equal two periods, three
periods, etc., and the pressure and heat-release rate perturbations
would still be in phase. Thus, oscillations can occur when

¿=T D ¿ f D 1; 2; 3; : : : (3)

The criterion for instability expressed by Eq. (3) is an analogue
to Nyquist stability criterion described in Sec. II. Values of phase
that produce encirclementof the ¡1 point on the real axis represent
conditions in which the feedback signal arrives at the summation
point and produces an ampli� cation of the original disturbance.
Equation (3) expresses the same idea: p0 produces a heat-release
rate variation q 0 that will amplify the next cycle of p0 (i.e., ¿ f D 1/
or subsequent cycles (¿ f D 2; 3; : : :/.

The sequence 1; 2; 3 : : : is speci� c to the simple example de-
scribed. As noted by Putnam,41 it is not necessary that the p0 and q 0

perturbations be precisely in phase to meet the Rayleigh criterion.
In principle,oscillationscan occur for a rangeof ¿ f § 0:25 centered
around the indices just shown. Unlike the control model analysis,
Eq. (3) does not present any information about the magnitude of
the response. As such, this equation merely provides a criterion for
when the phase is correct to allow oscillations to occur.

Depending on the acoustic response of both the fuel system and
the air passage in the premixer, rich and lean pockets of mixture
can be produced at various phase angles relative to the pressure p0

in the combustor. For example, if the premixer response produces
richer pockets at the minimum of the combustor pressure then only
1
2 acoustic period is needed to align q 0 with the next maxima in
pressure. Thus, the sequence would be:

¿=T D ¿ f D 0:5; 1:5; 2:5 : : : (4)

Lacking details of the premixer response, it is not known a priori
whatsequenceof numberswill describeoscillatingregionsin a given
application.To further complicatematters, ¿ is an average represen-
tation of the time from fuel injection to the time of combustion.As
discussed by Lieuwen et al.,66 this time lag depends on the � ame
location, as well as the � ame shape. In practical systems neither
are easily measured or predicted. For these reasons the sequences
described in Eqs. (3) and (4) are usually consideredexperimentally,
although some applications of computational � uid dynamics have
shown promisingpredictionsof both the time lag and the associated
stability regions.8;12;51

Experimental evaluation of the time-lag model just described
above has been demonstrated by Richards and Janus13 and Straub
and Richards.64 A can-style combustor test rig (Fig. 10) was used
to record the pressure dynamics from a premixed gas turbine fuel
injector. The modular premixer design (Fig. 11) allows the position
of fuel injection to be changed from three positions A, B, C, or
simultaneously from two of the three positions. Thus, changes to
the time lag could be studied by changing the bulk � ow velocity, as

Fig. 10 Schematic of experimental combustion test rig from Ref. 13.

Fig. 11 Schematic of fuel-air premixer con� gurations used to inves-
tigate passive control approaches via changes to the time lag. Fuel-
injection points A, B, and C are shown.

Fig. 12 Data showing the experimentally determined stability bound-
aries using a time-lag model from Ref. 13.

well as the physical distance to the � ame. Data were collected over
a range of operatingconditions.The time lag for each conditionwas
estimatedusing a � xed � ame standoff.When the observedrms pres-
sure is plotted as a function of ¿ f , the stability regions are clearly
identi� ed (see Fig. 12). As shown, the data indicate that oscillations
are con� ned to a band 0:45 < ¿ f < 0:7. The edges of this region
are referred to as the stability boundaries. This plot can be used to
understand how proposed changes in the nozzle geometry, such as
increasing the premixer length, would affect stability. For example,
for a stable combustor operating at ¿ f D 0:4, Fig. 12 indicates that
proposals to move the fuel injector upstream at a � xed velocity will
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increase ¿ f such that oscillations will occur. This has been demon-
strated experimentally by Richards and Janus.13 It would also be
possible (but not necessarilyadvisable) to increase the fuel time lag
enough to get to the upper stability boundary. This has been shown
experimentally by Straub and Richards64 and will be discussed in
more detail later.

It is useful to understand how the ¿ f plot and the control model
analysis in Sec. II are related. In Sec. II, the Nyquist analysis shows
how changing time lags rotate the lobes of the plot to include encir-
clement of ¡1. These encirclementsrepresentconditionswhere the
heat-release rate and pressure perturbations have the correct phase
andadequategain to produceinstability.Increasing¿ rotatesthe lobe
until encirclementoccursat a particularfrequency(say, f1/, and fur-
ther increasesin the time lagcontinuethe rotationof theNyquistplot
until the lobe does not encircle ¡1 at a lower frequency (say, f2/.
The stability boundary in the ¿ f plot also represents the conditions
where p0 and q 0 have the correct gain/phase to produce instability.
It is sometimes overlooked,or misunderstood,that the right and left
stability boundaries in the ¿ f plot must therefore have decreasing
frequencies( f2 < f1/. Attempts to solve instability problems by ad-
justing the time lag must recognize that the frequencywill change in
response to changes in the time lag. The Nyquist analysis indicates
this very clearly. If the bandwidth of the acoustic response is very
large, the lobe of the Nyquist plot covers a wide frequency range,
and signi� cant changes in the value of ¿ are needed to cross the
stability boundaries. Fannin et al.29 showed a more detailed com-
parison between the Nyquist stability boundaries and the simple
time-lag model.

Multiple acoustic modes introduce another complication to the
time-lagmodel. When the systemacousticsproducestrongresponse
at several frequencies,changesto the time lag can jump between fre-
quencies, rather than produce stability. This point has been demon-
strated in the example Nyquist plots shown in Sec. II, where sub-
sequent lobes of the Nyquist diagram rotate and encircle ¡1 as the
time lag is increased (or decreased). The concept can also be de-
scribed less formally by a plot like Fig. 13. In Fig. 13 frequency
is plotted on the vertical axis, and the time lag is plotted on the
horizontal axis. The indices where instability occurs are plotted as
regions having a 0.25 width, that is, 0:5 < ¿ f < 0:75, etc. Horizon-
tal lines are drawn through combustor natural acoustic frequencies
as shown. Combinations of ¿ f within the instability regions have
the correct phase to meet the Rayleigh criterion and can therefore
oscillate. If a given combustor exhibits oscillations at frequency f1

with ¿ D 1 ms, a proposedsolutionmight be to increasethe time lag.
However, as shown, this solutionhas the potential to get to the edge
of the stability boundary ¿ f1 D 0:75 and then drop to ¿ f2 D 0:50. It
is conceivable that continued increases in time lag to »2 ms could
produce stability, but slightly greater time lag could then jump back
to ¿ f1 D 1:50 or ¿ f3 D 0:50 Thus, adjustment of the time lag must
be carried out with a full understanding of the frequency spacing
of acoustic modes. Figure 13 suggests that closely spaced natural

Fig. 13 Stabilityboundariesof the time-lagmodelplotted as frequency
vs time lag. Also shown are three different frequency modes that can
complicate approaches to control combustion oscillations by changing
the time lag.

Fig. 14 Experimental data showing multiple frequency modes.

Fig. 15 Data showing experimentally determined stability boundaries
for multiple-frequency-mode combustor using the time-lag model.

frequenciescan lead to many transitionsbetween oscillatingcondi-
tions over a wide range of time lag values. A similar conclusioncan
be drawn from the formal Nyquist analysis, where multiple natural
frequencies produce multiple lobes on the Nyquist diagram.

Experimental demonstration of the frequency switching behav-
ior just describedhas been presentedby Straub and Richards.64 The
modular fuel injector (Fig. 11) was studied over a range of bulk
velocities (30–60 m/s) and with different fuel-injection positions
A, B, or C. This produced a net variation in time lag from 1.8 to
7.3 ms. Figure 14 is a plot of all of the experimental data and shows
that this combustorhas two stronglyresponsivefrequenciesnear160
and 220 Hz. Based on calculations, these frequencies are close to
(but not equal to) thenatural frequenciesexpectedfor thecombustor.
(As discussed in Sec. II.A, the observedlimit-cycle frequencieswill
differ from the acoustic natural frequencies.)The rms pressure data
are shown in Fig. 15 plottedagainst the ¿ f product.As expected,os-
cillationswere con� ned to relativelysmall regionsof the ¿ f plot, in
spite of the multiple acoustic modes and the wide range of time lags
investigated.There are few data points in the stable region between
the ¿ f peaks. This is an example of the frequency switching shown
schematically in Fig. 13. To clarify this point, Fig. 16 shows the
dominant frequency of oscillation plotted as a function of the time
lag for nozzle con� guration C and a range of equivalenceratio con-
ditions. As the time lag increases, the frequency drops slightly, and
the stabilityboundaryfor ¿ f D 0:80 is approached.At this condition
the rms pressure levels were strongly dependent on the equivalence
ratio; weak oscillations near 260 Hz were exchanged with strong
oscillationsat 160 Hz as the equivalenceratio was changed.Further
increasesin time lag caused an increase in frequencyand moved the
system to the next ¿ f band, where the amplitude was again large.
Still further increases in time lag were accompaniedby a reduction
in oscillating frequency. All of the experimental observations are
consistent with both the time-lag model and the Nyquist analysis
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presented in Sec. II. However, contrary to the time-lag model that
only considersthe timing (phase)of the system, the Nyquistanalysis
incorporates both the gain and the phase of the system.

The precedingdiscussionhas shown that solving dynamics prob-
lems by adjusting the time lag can be complicated by the multiple
¿ f bands and multiple acousticmodes. If the frequencyspacing1 f
between adjacent acoustic modes is such that mode transitions are
possible(as in Fig. 13), there is a goodchance that changingthe time

Fig. 16 Experimental data showing transition between ¿ f bands and
different frequencies.

Fig. 17 Experimental data showing the effect of changing the distribution of time lag by using fuel injection from two axial locations, A and B and
A and C in Fig. 11.

lag will simply produce a frequency shift, rather than stable com-
bustion. This conclusiondepends on the gain of the various modes,
but it does suggests the following rule of thumb: where the mode
spacing 1 f is such that 1 f ¿ » <0:5, changes in the time lag can
lead to mode switching. In these instances rather than modifying ¿
to produce stability, considerationshould be given to increasing the
time-lag distribution(Sec. III.B) or modifying the acoustic response
of the combustor (Sec. IV).

B. Improving Stability by Increasing the Time-Lag Distribution
The preceding discussion shows how discrete times lags affect

system stability. A related issue is the in� uence of multiple time
lags. The conceptwas noted by Keller14 and is the subject of a com-
mercial patent.71 Multiple time lags couldbe producedusing two (or
more) points of axial fuel injection simultaneously (i.e., positions
A and B or A and C, shown in Fig. 11). Both fuel-injection points
produce rich and lean pockets of premix fuel in response to pre-
mix air� ow. Only one of the pockets can produce heat-release rate
perturbations that are in phase with the pressure; the other pocket
can be arranged to produce perturbations that are out of phase with
the acousticpressure, adding damping. The bene� t of this approach
has been demonstrated experimentally in Straub and Richards,64

where single-point injection is compared to multiple-point injec-
tion using the geometry shown in Fig. 11. The resulting stability
maps are shown in Fig. 17. The horizontal axes are the equivalence
ratio and bulk premixer velocity. The vertical height represents the
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rms level of the pressureoscillation.Note that injection from points
A, B, or C had almost universally higher amplitudes than simulta-
neous injection from points A and B or A and C. Fannin et al.29

investigated these experimental results using Nyquist analysis to
demonstrate that the multiple time lags can produce a signi� cant
reduction in oscillating pressure, as seen in the data. The Nyquist
analysis shows that multiple time delays produce a reduction in the
amplitude of the mixture ratio perturbations, as well as adjustment
to the phase.

An interestingpractical applicationof the multiple time-lag con-
cept was carried out by Berenbrink and Hoffmann.68 These authors
recognized that the time lags can be adjusted on individual fuel
injectors so that the combined combustion response bene� ts from
different time lags associatedwith the individual injectors.This has
an advantage compared to placing multiple fuel ports in a single
injector (Fig. 11) because it is easier to optimize the mixing from a
single fuel port. On a combustor with 24 fuel injectors, a total of 20
injectorswere out� tted with extension tubes that produceddifferent
time lags.The resultingengine test demonstratedthat it was possible
to operate the engine at conditions that had previously been limited
by dynamic oscillations. In addition, a slightly different approach
using asymmetric burners was also shown to produce comparable
stabilization.The asymmetric burner concept simply placed differ-
ent fuel injectors at different angles relative to the combustor � ow
axis. The resulting asymmetry in the � ame shape prevents uniform
coupling to the acoustic and also has the effect of shifting the � ame
position on different oriented injectors. The net effect is again a
distribution of time lags among the different injectors.

Lovett and Uznanski67 used a different concept to produce mul-
tiple time lags in a single fuel injector. Their approach allowed a
split between fuel supplied to a main and secondary premixer pas-
sage, with each passage having a unique time lag. In this manner a
composite response could be achieved by adjusting the � ow splits.
This approach produced reduced dynamics at select values of the
secondary fuel � ow.

Deliberate introduction of multiple time lags is one method to
reduce the contributionof fuel-air perturbationsto oscillating heat-
release rate. A second approach is to simply take advantage of the
mixing processes that occur during fuel injection.Because the fuel-
air perturbationsare mixed by turbulentprocesses in the premixer, a
single time lag does not completely describe the premixer response
to � ow perturbation.To account for turbulent mixing, a distribution
of time lags will better represent the response of even a single point
of fuel injection. Scarinci and Freeman45 showed that turbulence
in the premixer can signi� cantly disperse fuel-air perturbationsand
suggest that dispersioncan reduce the oscillatingamplitudeof com-
bustors using longer premixer barrels.Sattelmayer46 has shown that
the time-lag distribution can play a key role in reducing the overall
magnitudeof the heat-releaseoscillation.Thus, attempts to improve
stability should recognize the contribution of time-lag distribution
in the premixing process and also from the geometry of the � ame,
discussed next.

C. Flame Dynamics and Flame Geometry
Although the time-lag distribution is bene� cial at reducing the

impact of the fuel-air perturbations, it must also be recognized that
this feature is only a guaranteed bene� t when perturbationsare the
sole cause of instability. This might not be the case in many in-
stances because even fully premixed � ames can exhibit dynamic
response to variations in mixture � ow. As discussed in Sec. II.B,
unsteady aerodynamics can produce a variation in heat release as a
result of changes in � ame area or vortex shedding/merging. These
� ame dynamics can occur without any perturbations in fuel-air ra-
tio. In these instances a Nyquist analysis would show that adding
fuel-air perturbations could silence the oscillation that is produced
by the � ame area variation. This is the basis for active combustion
control using input fuel perturbations. The active control system
changes the magnitude and phase of the fuel system feedback, pro-
ducing stability by controlling the arrival of mechanically actuated
fuel perturbations. A similar idea has been demonstrated by mak-
ing passive adjustments to the feed system dynamics, producing

stability at select conditions by controlling the arrival of fuel-air
perturbations.43;69;70

Another considerationin describingthe � ame response is the ge-
ometry of the � ame. Even if the � ame is treated as having a static
con� guration, the arrival of fuel-air perturbationsis distributedover
the surface of what is typicallya conical � ame geometry.The conic
geometrymeans that the deliveryof a fuel perturbationwill produce
a combustion response that is distributed over the surface of the
� ame. Putnam41 recognized that these geometric features could be
accountedwith a correctionto a time lag by integratingover the sur-
face of the � ame.More recently,Lieuwen et al.66 developeda similar
integral analysis and applied it directly to � ame geometries that are
of interest to gas turbine combustors.This analysis showed that cor-
rection factors to the time lag can be as large as a factor of 1.5, and
the correctionis shown to be fairly sensitiveto the shapeof the � ame.
Because of the uncertaintiesconnectedwith describingthe position
and shape of turbine combustion � ames, rig measurements of the
time lagareprobablyneededto describethedetailsof practical� ame
response.Straub et al.72 have made preliminaryattempts to measure
the � ame time lag in a practical scale combustor, but more work is
neededon this topic.Krebs et al.51 measured the time lag in an atmo-
sphericpressuremodel of a gas turbinecombustorand showed that a
time-lagdistributionwas needed to describethe measuredresponse.
The distribution is needed to account for the geometry of the � ame.

Flame anchoring is another consideration for reducing the � ame
dynamics. As mentioned in Sec. II.B, Kendrick et al.26 suggest that
poor � ame anchoring can allow combustion to oscillate or anchor
in a location where the time lag will favorably drive oscillations.
Paschereit et al.27 showed that an oscillating � ame anchor was re-
sponsible for driving dynamics in their combustion system. This
problem was solved by physically locating a pilot � ame in the re-
gion where positive � ame anchoringwas needed. The addition of a
pilot � ame is a common approach to reducing � ame dynamics,26 but
the stabilizingmechanism is often uncertain.Both Kendrick et al.26

and Paschereit et al.27 attribute pilot-enhanced stability to an im-
provement in � ame anchoring,but there are additional reasons why
pilots can improve stability. The pilot � ame is typically operated as
a diffusion � ame, or partially premixed, and it can have a lower dy-
namic response than a purely premixed � ame. In a diffusion � ame,
the local reactionrate is controlledby mixing,not the overallfuel-air
ratio.Thus, momentary perturbationsin the fuel or air supplycannot
producean appreciablechange in the reaction rate. This reduces the
likelihoodof oscillationsin diffusion � ames and might explainwhy
diffusion pilots can be used to silence oscillations. Although more
work is needed to understand the stabilizing effect of pilot � ames,
diffusion pilot � ames are very undesirable because they contribute
signi� cantly to NOx emissions.

IV. Acoustic Dampers
In the turbine combustion literature passive control methods are

strongly weighted toward stabilizing the combustion process. Less
emphasis has been given to the use of acoustic dampers. This is
surprising because acoustic dampers are commonly used to stabi-
lize rocket and afterburnerapplicationsand have proven very effec-
tive when properly designed. In stationary engines the disparity of
damper use can be related to the relatively low frequenciesencoun-
tered in turbine applications (hundreds of hertz) vs those typically
damped in rocket engines (kilohertz range). The lower frequencies
require physically larger dampers, complicating engine packaging,
and this is a potential drawback. Nevertheless, dampers should not
be overlooked in a strategy to stabilize combustion. Given the dif-
� culty of proposing changes to the combustion response (the G
transfer function; Fig. 1), a damper design can be proposed that
will very likely reduce acoustic feedback (the H transfer function;
Fig. 1). This is not to imply that damper design is easy or without
uncertainties. However, given the cost of reengineering a combus-
tion system to produce a desired combustion response, addition of
dampers might be a worthwhile consideration. These dampers are
described next.
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Fig. 18 Schematic of resonator concepts to dampen the acoustic feed-
back of the combustion system.

A. Damper Description
The simplest damper of all is a hole, releasing acoustic energy

from the combustion chamber that would otherwise return to the
feedback loop. The ef� cacy of this method is well known to practic-
ing combustion engineers.Putnam41 noted the following advice for
practitioners faced with stubborn oscillation problems in industrial
burners: “To solve an oscillating combustion problem, drill a hole.
If that doesn’t work, drill two holes.”

Although this is a humorous anecdote, it represents genuine
experience that reducing the acoustic gain can stabilize oscillat-
ing systems. Conversely, eliminating holes can lead to instability.
Modern premixed combustors are designed speci� cally to avoid
dilution holes, removing a source of acoustic damping. This is
yet another reason why premixed combustors tend to have prob-
lems with dynamics. Earlier diffusion � ame combustors used nu-
merous dilution holes around the perimeter of the liner, provid-
ing a source of acoustic damping that is absent in premixed
combustors.

Although drilling holes might be an acceptable control strategy
in industrial burners, it is not an option for gas turbine combus-
tors where � ow splits must be accurately controlled to meet per-
formance targets. Instead, closed resonators can be used to ab-
sorb acoustic energy. Because the resonators are closed, they do
not compromise the designed � ow splits. These type of resonators
have been used extensively in rockets9;73 and afterburners.74 Fig-
ure 18 shows two common resonator geometries that have been
used in gas turbine applications: the Helmholtz and quarter-wave
resonator; the latter often referred to as a quarter-wave tube. Both
types are shown for convenienceon a single combustor, but are not
necessarilycombinedin practice.Figure 18 also shows the formulas
and nomenclature used to calculate the natural frequency f0 of the
resonator.

When pressure oscillations occur, � ow enters and exits the res-
onator mouth. Acoustic energy is dissipated in the entrance/exit
losses, providing damping to the system. It can be shown9 that the
greatest losses are generated by maximizing the magnitude of the
oscillating velocity; this is achieved by tuning the resonator so that
the naturalfrequency f0 is close to the frequencythat is to bedamped
in the combustor. For a given f0 , the Helmholtz neck area S can be
traded with the length L and volume V to meet packaging space
requirements.In the quarter-wavedesign f0 can only be established
by the length.

The actual performance of a resonator depends on the resonator
geometry and the operating conditions. Because the acoustic dissi-
pation occurs at the entrance/exit � ow near the mouth, the geometry
of this region is very important. Laudien et al.73 show that rounded
vs square corners at the resonator/combustor connection produce
a signi� cant difference in the acoustic response. Furthermore, be-
cause the resonator gas can include combustor products and purge
cooling gas the speed of sound is uncertain, making it dif� cult to

design the resonatorfor a speci� c natural frequency.Thus, resonator
design and tuning is not usually achieved from analysis alone. In
most rocket applications, as well as the few turbine applications
cited next, the resonator properties are � nalized by experimental
testing.

Selecting the position and number of resonators is also an im-
portant consideration. It does little good to place the resonator at
an acoustic node. For example, in annular combustors circumfer-
ential acoustic modes (with waves traveling around the annulus)
are often characterizedby standingnodes at speci� c positions.Res-
onators added at these node positions will not provide damping;
there is no acoustic pressure to drive the oscillator.Attempts to po-
sition resonators at the pressure antinodes might be frustrated by
a repositioning of the node to the new resonator location. Thus, it
can be essential to position multiple resonatorsusing the number of
resonators that are guaranteed to produce an asymmetry relative to
the acoustic mode shape. For example, three resonators cannot all
be aligned with a wave structure having only two nodes. Decisions
about the number of resonators are made based on an analysis of
acoustic waveform and the required damping in speci� c situations.
Some examples are described in Sec. IV.B.

B. Application of Acoustic Dampers on Stationary Gas Turbines
Gysling et al.75 examined the use of Helmholtz resonators on

a sector rig combustor. Their analysis identi� ed many of the im-
portant design variables for installing a resonator: the ratio of the
resonatorto combustorvolume, the resonatorfrequency,and the loss
coef� cient at the resonator mouth. The � nal resonator performance
was characterized by measuring the performance in situ. This was
accomplishedby measuring the transfer function between the com-
bustionchamberpressureand the resonatorpressureand then � tting
the theoretical parameters to the resulting data. The authors point
out that this � t was made at each operating condition of interest. As
just noted, the gas temperatureand � ow conditionsin the combustor
will affect the resonator natural frequency and damping; this needs
to be accounted for in resonator performance.

Five resonator con� gurations and three test conditions were re-
ported by Gysling et al.75 In the best cases, appropriately tuned
resonators reduced the oscillating pressure by almost an order of
magnitude. The required resonator volume was 12% of the com-
bustion chamber volume. Based on both theoretical modeling and
experimentaldata, these authors also identifymany of the important
considerations for resonator use. Because a given engine can expe-
rience a frequency shift with operating conditions, the resonator
system must provide damping over a range of frequencies. This
can be accomplished by mistuning the resonator or using multiple
resonators tuned to different frequencies. This approach provides
less than maximum damping at a single frequency, but allows good
performance over the range of conditions. In Gysling et al.75 this
was successfully demonstrated using two resonators tuned to two
different frequencies. Good attenuation was observed on this com-
bustor applicationwhere oscillatingfrequenciesranged from 232 to
278 Hz.

Bellucci et al.76 used a Helmholtz resonator model to design
dampers that were added to the silo combustor of a stationary gas
turbine. The resonator model included more physical detail for loss
mechanisms than in Gysling et al.75 Experimental testing was again
used to establish the model parameters and then design resonators
for the actual combustion system. A total of seven resonators were
installed at the inlet end of the combustor. The pressure oscillation
amplitudewas reducedbyabout60% comparedto thebaselinewith-
out resonators.This paper did not report the resonator performance
at other frequencies or operating conditions. The authors also used
a supply of purge gas to keep the resonator temperature low.

As a � nal exampleof the use of resonators,Pandalai and Mongia3

report on the use of acoustic dampers on aeroderivativeengine ap-
plications. Unlike the prior citations, these authors installed the
damper tubes upstream of the combustor, just prior to the fuel-air
mixer. The damper tubes were constructed from 25.4-mm tubes.
A perforated plate at the resonator mouth was used to control
the resonator impedance. Although these authors do not compare
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the oscillating pressure with or without the damper tubes, it is
noted that these dampers are now in wide commercial use, hav-
ing logged more than 100,000 h of operation in various engine in-
stallation. This is an excellent example of how dampers can play
a signi� cant role in reducing pressure oscillations in stationary
engines.

A few words of clari� cation are made before concluding this
discussion of acoustic dampers. It is sometimes overlooked that
dampers themselves participate in the overall acoustic response of
the combustionchamber. When dampers with suf� cient mouth area
represent a considerable portion of the combustor volume, their
presence can lead to a change in the natural frequency of the en-
tire combustion system, and they can actually destabilize an other-
wise stable system. This possibility was noted by Gysling et al.75

and should be carefully considered before sizing and tuning res-
onators. Mitchell77 notes that in rocket damper applications sizing
the resonators apart from understanding the acoustic structure in
the combustor can lead to less than optimal results. Mitchell pro-
vides an example where the greatest stability was achieved with
mistuning the resonator from the oscillating frequency; this was at-
tributed to the change in waveform that accompaniedadditionof the
resonators.

V. Summary
This paper reviews the statusof passivecontrolmethods for stabi-

lizing premixed combustion in gas turbines.Feedback control mod-
els reviewed in Sec. II showhow both the � ame transfer functionand
the feedback acoustics are linked together in a dynamics problem.
Nyquist analysis illustrates how multiple acoustic modes can con-
found approaches to eliminate combustion instabilitiesby changing
the time lag. The physical processes affecting the � ame response
are reviewed, and some examples of the complex details of practi-
cal � ame transfer functions are provided. In Sec. III, applications
of time-lag modi� cations are presented, and the limitations of this
approach are also discussed. Experimental results demonstrating
frequency shifts predicted by the Nyquist analysis are shown. The
stabilizing effect of time-lag distribution is discussed, along with
some � eld applications that con� rm the bene� cial effect of using
time-lagdistributions.Improvementsto stabilityfrom� ame anchor-
ing modi� cations and pilot � ames are also reviewed. In Sec. IV, a
review of acoustic damping suggests that dampers can be used ef-
fectively to stabilize premixed combustion.A small number of lab-
scale and � elded-engine studies are reviewed, showing excellent
attenuation from the dampers.

In closing, it is interesting to speculate on the potential situa-
tions where dynamics might be a concern in future gas turbine
engine applications. It is often assumed that dynamics problems
are limited to stationary gas turbines, using premixed combustion.
However, recent experienceswith two different integratedgasi� ca-
tion combined-cyclepower plants suffereddynamics problemswell
into engine commissioning.78 The trend for most advanced power
generatorsand aeroengineapplicationsis to raise theoperatingpres-
sure to enhance ef� ciency. At the same time it is desirable to reduce
the cooling and dilution � ows to enhance performance or reduce
emissions. The higher operating pressures release more heat in the
same volume, increasing the magnitude of heat-release rate per-
turbations. The reduction in dilution or cooling � ows also reduces
the acoustic losses from the combustion liner. These combined fea-
tures raise the potential for dynamics. Thus, it seems likely that the
prominence of this problem will continue to be an issue. A combi-
nation of passive control strategies outlined here, as well as emerg-
ing active control strategies (described elsewhere in this issue), of-
fers an opportunity to mitigate these problems as new systems are
designed.

Appendix: Derivation of Transfer Functions
This Appendixdocuments the calculationsused in the generation

of Figs. 5–8. The acousticcomputationsare described� rst, followed
by a derivation of the response of the system to a velocity source
located at the � ame, and incorporationof a � ame model to yield the
H transfer function.

Fig. A1 Generic combustor geometry (not to scale).

A “generic” combustor geometry is shown in Fig. A1. The pre-
mix injector is depicted by regions A and B, with air entering at
the upstream side of region A and fuel entering in the plane be-
tween regions A and B. The computations described here do not
include the dynamics of air and fuel mixing explicitly, and so the
injector region will be referred to jointly as AB. The air/fuel mix-
ture enters the combustion chamber at region D, where it continues
to � ow downstream a short distance before burning in the plane
between regions D and E. In the two-mode system described in
the paper, a step expansion was placed at the interface between
regions E and G. Computation stations, numbered 0–9, are also
shown in Fig. A1. To simplify the calculations, “hard” acoustic
boundarieswere assumed to exist at stations0 and 9 (i.e., the acous-
tic velocity is zero). The speci� c geometry and other conditions
used in the calculations for the two-mode system are listed in the
Table A1.

The acoustic properties of the combustor model are described
by the acoustic impedances. Impedance is the complex ratio of
acoustic pressure to mass velocity at each station. The impedance
at each station was computed through use of acoustic transfer
matrices. These matrices of complex numbers relate the acous-
tic pressure and velocity at one station to that at the next and
are a function of the geometry and the local gas conditions.
For example,
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The acoustic pressures p and velocities º are represented by com-
plex phasors, with both amplitude and phase. The 2 £ 2 matrices
AB, C, and D are acoustic transfer matrices for their respective re-
gions. The matrices C and F do not correspond to speci� c regions
but represent the acoustic transfer matrices for the step expansions
that occur between regions AB and D and regions E and G, re-
spectively.The acousticpressure and velocity at a particular station
are a linear function of those at the next station downstream. A
similar linear relationship does not exist between stations 3 and
4 because of the presence of the � ame, which acts as an acoustic
source.

The 2 £ 2 acoustic transfer matrices for various geometries are
de� ned in Munjal.28 For simple cylindrical elements
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Table A1 Geometry and gas conditions used in the two-mode combustor model

Dual-mode combustor simulation parameters
Geometric
region ACB D E G

Diameter, m 0.06858 0.13335 0.13335 0.17780
Length, m 0.06350 0.01270 1.39700 0.63500
Area, m2 0.003694 0.013966 0.013966 0.024829
Temperature, K 533.3 533.3 1811.1 1811.3
Pressure, Pa 2,020,000 2,020,000 2,020,000 2,020,895
Density, kg/m3 13.21 13.21 3.89 3.89
Gamma 1.4 1.4 1.3 1.3
Mol. wt., kg/kg-mole 29 29 29 29
c, m/s 462.7 462.7 821.6 821.6
U , m/s 28.87 7.64 25.93 14.58
Mach no. 0.06240 0.01651 0.03156 0.01775
Mass � ow, kg/s 1.409 1.409 1.409 1.409
Boundary conditions

pin —— —— p4 D p3 ——
ºin º0 D 0 —— —— ——

pout —— p3 D p4 º4 D v3 ¢ ½4

½3
C ºs ——

ºout —— —— —— º9 D 0

For step expansionssuchas thatbetweenstations1 and2, the transfer
matrix is
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where k is

k D
³
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The acousticimpedancesat eachstationin themodelwere calculated
starting from known boundary conditions.At station 0, º0 D 0 such
that

Z0 D p0=º0 D 1 (A7)

At station 1, º0 D 0 D AB1;0 ¤ p1 C AB1;1 ¤ º1 , which implies

Z1 D p1=º1 D ¡AB1;1=AB1;0 (A8)

At station 2,
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p1
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D
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C1;0 ¢ p2 C C1;1 ¢ º2
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D
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therefore
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(A9)

And, similarly at station 3

Z3 D
¡.Z2 ¢ D1;1 ¡ D0;1/
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(A10)

At station 9, º9 D 0 such that

Z9 D p9=º9 D 1 (A11)

At station 6

Z6 D
p6

º6

D
G0;0 ¢ p9 C G0;1 ¢ º9

G1;0 ¢ p9 C G1;1 ¢ º9

D
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At station 5

Z5 D
p5

º5
D

F0;0 ¢ p6 C F0;1 ¢ º6

F1;0 ¢ p6 C F1;1 ¢ º6
D

F0;0 ¢ Z6 C F0;1
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(A13)

And at station 4

Z4 D
E0;0 ¢ Z5 C E0;1

E1;0 ¢ Z5 C E1;1
(A14)

The � ame was modeled as an acoustic velocity source located in
the plane between stations 3 and 4. The boundary conditions at
this interface are p3 D p4 and º4 D º3 ¤ .½4=½3/ C ºs . The trans-
fer function relating the acoustic pressure to the velocity source,
that is,

Ã D
p3

ºs
(A15)

was derived in terms of system impedances, starting with the de� -
nition of the impedance at station 4:
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Therefore,
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(A17)

The transfer function relating acousticpressure to variations in heat
release was derivedby relatingheat release and an acoustic velocity
source (see Schuermans et al.25).

ºs D
p3

Ã
D

µ
½4 ¢

³
T4

T3
¡ 1

´
¢ ¹3 ¢ s3

¶
¢

q 0

Q

C
µ

½4 ¢
³

T4

T3
¡ 1

´
¢ ¹3 ¢ s3

¶
¢

p3

P3
(A18)



RICHARDS, STRAUB, AND ROBEY 809

Equation (A18) provides the last link needed to derive H, the rela-
tive pressure response to oscillations in heat release. Derivation of
the H transfer function started with Eq. (A18) by separating terms
involving p3 from º3 and dividing through by P3 to yield
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Therefore,

H D
p3

P3

¿
q 0

Q
D

µ
½4 ¢

³
T4

T3
¡ 1

´
¢

¹3 ¢ s3

P3

¶¿

µ
1
Ã

¡ 1
P3

¢
µ

½4 ¢
µ

½4 ¢
³

T4

T3
¡ 1

´
¢ ¹3 ¢ s3

¶¶
(A20)

A simple form for transfer function G, the relative heat release
response to pressure � uctuations,was assumed in order to compute
the open-loop response function. The function G was assumed to
be a simple time lag. The time-lag model is shown next with a gain
of 1

2 :

G D
q 0

Q

¿
p3

P3
D 1

2
¢ e¡1 j ¢ ! ¢ ¿ (A21)

The gain and time lag of function G can be varied according to the
situation being modeled. These equations for G and H were used to
compute the open-loop response functions G ¤ H for the example
Bode and Nyquist plots discussed in the body of the paper.
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